A nonlinear free boundary-value problem of supercavitating flow past n + 1 hydrofoils is analyzed. To describe the cavities' closure mechanism, the Tulin-Terent'ev single-spiral-vortex model is employed. The flow domain is considered as the image of an (n + 1)-connected circular domain. The conformal map is constructed in terms of the solutions to two RiemannHilbert problems of the theory of symmetric automorphic functions. One of the problems is homogeneous and its coefficients are continuous functions while the second problem is inhomogeneous and has discontinuous coefficients. The exact solutions to the problems are found by using quasiautomorphic and quasimultiplicative analogs of the Cauchy kernel. The case of a single plate is considered in detail and the numerical results are reported.
Introduction
Finite cavity flow has attracted much mathematical interest and provided valuable information for many naval engineering applications including the design and analysis of propellers and hydrofoil systems. Extensive review of the literature may be found in the works by Birkhoff and Zarantonello (1), Gilbarg (2), Tulin (3), Wu (4), Rozhdestvenski (5) , Gurevich (6) , Brennen (7) and Frank and Michel (8) .
It is customary in mathematical modeling of cavitating flow of incompressible fluids to neglect viscosity and assume therefore the motion irrotational and steady state and described by the Laplace equation for the velocity potential. In a large portion of the literature, it is assumed that the foils are thin and rigid. This forces the motion to be tangential to the surface and the normal component of the velocity to be zero. It is also assumed that the free boundary of the cavity is a material surface or, equivalently, a streamline and the pressure is constant on the free surface (the pressure p = p c =constant in the cavity and p p 0 everywhere in the flow domain). For high speeds, the gravity may be neglected, and by Bernoulli's law the fact that the pressure is constant results in a constant speed condition on the free surface. Under such conditions, the cavity length, L c , is finite and depends on the parameter κ = 2( p ∞ − p c )(ρV ∞ ) −1 known as the cavitation number. Here p ∞ is the ambient pressure and V ∞ is the speed of the fluid far away from a foil (the foil is fixed).
It is not unusual in the engineering practice to prescribe the dimensionless parameter L c /λ (λ is the length of the foil) and then to recover the value of the cavitation number.
Due to the Brillouin paradox (see for example (3)), a bounded closed cavity with constant pressure cannot be reconstructed in the framework of ideal flow theory. To describe the closure mechanism in supercavitating flow (flow around a hydrofoil with a trailing cavity), a number of approximate models were proposed. Two of them, known as a single-and double-spiral-vortex models, were developed by Tulin (3) . The second model assumes that at the center, C, of the double spiral vortex, the complex velocity potential w(z) possesses a singularity described by ln w (z) ∼ i ln[w(z) − w(C)], z → C. This model leads to the theory in which the cavity is not closed in the region of collapse and which assumes the existence of twin vortices and a semi-infinite wake behind the cavity. Mathematically, it corresponds to flow in a simply connected domain even if the number of supercavitating bodies is greater than 1. To analyze one and two supercavitating hydrofoils under a free surface, this linearized model was employed by Larock and Street (9) and Green and Street (10) , respectively. In the study by Bassanini and Elcrat (11) , it was used to study cavitating flow past a polygonal obstacle.
The single-spiral-vortex model (3, 12) assumes that the flow in the rear part of the cavity can be considered as the flow on a half of an infinitely sheeted Riemann surface of the logarithmic function with branch points, say, C + 1 j and C − 1 j , the centers of twin vortices ( j = 0, 1, . . . , n, and n + 1 is the number of bodies placed in the flow domain). The streamline that branches at the surface of the jth body branches again at a point C 1 j at the rear part of the cavity (it emerges from the infinite sheet of the Riemann surface). The streamlines that are close to the boundary of the cavity traverse first around the cavity and then pass to the Riemann surface. After they have traversed a finite number, ν j , of sheets of the Riemann surface, the streamlines return to the first, physical, sheet where the bodies are placed. The number ν j is infinite for the streamline that defines the boundary of the jth cavity and decreases to 1 as neighboring streamlines go away from that cavity. According to the classical Tulin (3) single-spiral-vortex model, at the center of the spiral vortex, the complex velocity potential has a singularity given by ln w (z) ∼ [w(z) − w(C 1 j )] −1/2 , z → C 1 j . A more general form of this condition, ln w (z) ∼ −M j [w(z) − w(C 1 j )] −1/2 , z → C 1 j , M j is a positive factor, arg[w(z)−w(C 1 j )] ∈ (−π, π ], was proposed by Terent'ev (13) . Another difference between the Tulin model and its modification by Terent'ev is that the circulation j is zero in the study by Tulin (3) while it is not fixed a priori in the study by Terent'ev (13) . The presence of the 2n + 2 extra real parameters M j and j ( j = 0, 1, . . . , n) makes it possible to satisfy the n + 1 complex conditions L j dz = 0 ( j = 0, 1, . . . , n)-in general, these conditions are not met by the model (3). This Tulin-Terent'ev model, to be used in the paper, is nonlinear, and the flow domain is (n + 1) connected. It recovers a plausible cavity shape and it is rigorous from the mathematical point of view: the number of unknown parameters is consistent with the number of physical conditions.
A hodograph method for the nonlinear Tulin-Terent'ev model of supercavitating flow around a hydrofoil and a wedge in simply and doubly connected domains was developed by Gurevich (6) and Terent'ev (13) . A method of conformal mappings for flow without cavitation in doubly and triply connected regions was proposed by Cherepanov (14) . This technique reduces the problem to a vector Riemann-Hilbert problem with a matrix coefficient that admits a Wiener-Hopf factorization in closed form. Recently (15, 16) , another method of conformal mappings for the nonlinear Tulin-Terent'ev single-spiral-vortex model of supercavitating flow in simply, doubly and triply connected domains was developed. The method expresses the map through the solutions to two scalar Riemann-Hilbert problems on a Riemann surface of genus g = n, where n = 0, 1, 2, and n + 1 is the connectivity of the flow domain. To implement the method numerically, in the case g 1, one needs to solve the Jacobi inversion problem associated with one of the two Riemann-Hilbert problems. Also, for any g 0, to recover the parameters of the conformal mapping, it is needed to solve a system of transcendental equations that intertwines the solutions to the two RiemannHilbert problems. It turns out that the numerical scheme based on the Newton method may not be stable when at least one of the unknowns approaches a branch point of the Riemann surface which in general is an ordinary point of the flow boundary.
The goal of this paper is to develop an alternative method for the reconstruction of the map which, first, is applicable to flow domains of any connectivity and, second, is free of these artificial branch points. The method we propose for this class of nonlinear free boundary problems uses the theory of automorphic functions and represents the conformal mapping through the solutions to two Riemann-Hilbert problems for a circular multiply connected domain.
A review of the results on the Schwarz-Christoffel maps from a disc or an annulus to a given simply or doubly connected polygon was given by Driscoll and Trefethen (17) . A map from a multiply connected circular domain into a multiply connected polygonal region was found by Delillo et al. (18) in a series form and Crowdy (19) in terms of the Schottky-Klein prime function of the Schottky group associated with the circular domain. We emphasize that these maps were constructed for a prescribed polygonal boundary.
In section 2, we formulate the physical problem of supercavitating flow past n + 1 hydrofoils as a boundary-value problem for the complex potential w of the flow and express the derivative d f /dζ of the conformal map of interest as dw/dζ : dw/dz, where z and ζ are points of the physical and parametric domains, respectively. Next, we show that the function dw/dζ can be found from a certain homogeneous Riemann-Hilbert problem with continuous coefficients for (n +1)-connected circular domain. We construct a so-called multiplicative canonical function that factorizes the coefficient of the problem, meets the symmetry condition and has simple zeros at the stagnation points of the flow and the centers of the twin vortices. The solution is found through a quasiautomorphic analog of the Cauchy integral and specified for groups of the first class (20, 21) (when the corresponding series converge uniformly and absolutely). It is shown that the solution exists if n nonlinear conditions are satisfied. In section 4, we determine the second function dw/dz from an inhomogeneous RiemannHilbert problem with discontinuous coefficients for symmetric automorphic functions. The case of continuous coefficients was analyzed by Antipov and Silvestrov (21) and Silvestrov (22) . The factorization problem in the case of discontinuous coefficients was solved by Antipov and Crowdy (23) by using the automorphic analog of the Cauchy kernel expressed through the Schottky-Klein prime function and the solution to the associated Jacobi inversion problem. To our knowledge, the general Riemann-Hilbert problem with discontinuous coefficients has not been considered in the literature. In section 4, we derive the solution to an inhomogeneous problem by using quasiautomorphic and quasimultiplicative analogs of the Cauchy kernel (the existence of the quasimultiplicative analog was recently proved by Antipov and Silvestrov (24) ). We emphasize that contrary to the method of the automorphic analog of the Cauchy integral, this method does not require the solution to the Jacobi inversion problem. Again, for the first class groups, the quasimultiplicative kernel is found in a series form and an exact formula for the function dw/dz is derived. The solvability conditions of the second problem constitute additional n + 1 conditions for the unknown parameters.
Next, in section 5, we write down the physical and geometric conditions. In total, there are 7n + 3 nonlinear real equations for the same number of real parameters of the problem. The study of the existence and uniqueness of the solution to such a system is an open mathematical problem. A survey of the general existence and uniqueness theory for free boundary problems of ideal flow is given in the study of Gilbarg (2) . It encompasses different models including the infinite cavity model by Kirchhoff, the cusped cavity model, the Riabouchinsky mirror-obstacle-closure model and Efros-Gilbarg-Kreisel reentrant jet cavity model. We notice that all these results are available for the simply connected case only. To the knowledge of the authors, existence and uniqueness results for the Tulin-Terent'ev single-spiral-vortex model are not available even for simply connected domains. However, the numerical results obtained on the basis of the exact solutions to the TulinTerent'ev single-spiral-vortex model problems for a wedge and a hydrofoil in a plane (6, 12, 16) allow to infer that the existence and uniqueness theorems might be proved in future. Recently (25) , an exact solution was derived for the single-spiral-vortex model problem for a yawed wedge beneath a free surface. The solution was obtained by the method of the Riemann-Hilbert problem on a genus-1 Riemann surface. Numerical results implemented for different parameters of the problem reveal the existence and uniqueness of the solution even in this doubly connected case. The solution to the nonlinear system for the unknown parameters was obtained by the Newton method. For its convergence, as in the genus-0 case (16) , it was crucial to predict on which sides of the cuts the preimages of the unknown physical parameters lay.
In section 6, we consider the flow past a single hydrofoil in detail. The numerical results are in a good agreement with the solutions (6, 12) obtained by the hodograph method and (16) the method of the Riemann-Hilbert problem on a genus-0 Riemann surface.
Formulation
Consider a model problem of potential flow past n+1 hydrofoils D j B j , lengths λ j ( j = 0, 1, . . . , n). The hydrofoils form angles α j with the horizontal line. The coordinates of the vertices B j and D j ( j = 0, 1, . . . , n) are prescribed. Far away from the hydrofoils, the flow is uniform with velocity (V ∞ , 0). At stagnation points C 0 j , which are a priori unknown and lie on the foils D j B j , the flow branches, and at the ending points B j and D j , the jets break away from the hydrofoils forming cavities B j C + 1 j C − 1 j D j behind the foils. The cavities are bounded but not closed, and smooth detachment of the cavities at the points B j and D j is assumed (Fig. 1) . To describe the cavity's closure mechanism, the Tulin-Terent'ev single-spiral-vortex model (3, 13) is exploited: Because of the connection between the velocity vector v = (u x , u y ) and the complex velocity potential w(z),
where v = |v| = |dw/dz| and θ = arg v = − arg dw/dz, it follows that to solve the problem it is sufficient to find the function w(z) analytic in the flow domainD such that
Here L j = C 0 j B j C 1 j D j C 0 j is a closed contour composed of the solid boundary of the hydrofoil and the free boundary of the cavity (the points C + 1 j and C − 1 j are assumed to be close, and, approximately, we replace them by the single point C 1 j ). The first condition in (2.3) indicates that the boundary of the jth foil and the cavity behind is a streamline branched at the stagnation point C 0 j (the two branches emerge at the rear point C 1 j ). The other conditions in (2.3) require the velocity magnitude to be a piecewise constant at the cavities' boundaries and the velocity directions to be consistent with the angles the foils form with the x-axis.
Let z = f (ζ ) be a conformal mapping of the exterior of n + 1 circles l j : |ζ − ζ j | = r j ( j = 0, 1, . . . , n) onto the (n + 1)-connected flow domainD such that the circles l j are mapped onto the boundary contours L j of the domainD and the infinite point ζ = ∞ of the parametric plane, D, falls into the infinite point z = ∞ of the flow domain. Assume also that the points
These points follow each other in the clockwise direction as their images do (Fig. 2) .
The actual form of the conformal mapping can be recovered from the relation
provided the two derivatives of the complex velocity potential dw/dζ and dw/dz, the circles' centers ζ j , their radii r j and the points c 0 j , b j , c 1 j and d j are available. In what follows, we will determine these derivatives from two boundary-value problems of the theory of automorphic functions. The unknown parameters will be found from the solution of a certain system of transcendental equations. 
Hilbert problem for the function dw/dζ
Parameterize the jth circle l j by
where ζ j is the center of the circle l j , r j is its radius, ϕ = s/r j is the polar angle and s is the length of an arc of the circle. Then, because dw ds
the first relation in (2.3) can be rewritten as the following Hilbert problem:
and therefore,
At the stagnation points C 0 j and the rear points C 1 j of the cavities, the images of the points c 0 j and c 1 j , respectively, the function dw/dζ has simple zeros (15, 16):
The solution to the Hilbert problem (3.3) is very much aided by converting it to a RiemannHilbert problem of the theory of automorphic functions.
Symmetry Schottky group G
Let G be the symmetry group of the line l = l 0 ∪ l 1 ∪ • • • ∪ l n generated by the linear transformations σ j (z) = T j T 0 (z), j = 1, 2, . . . , n, where
is the symmetry transformation with respect to the circle l j . The transformations T j and σ j possess the following properties:
The fundamental region, F G , of the group G is D ∪ T 0 (D) ∪ l, and it is formed by the exterior D of all the circles l j and the exterior T 0 (D) ⊂ int l 0 of all the circles l j and all the circles l j . The group G is a symmetry Schottky group (26) . The elements of the group are the identical map σ 0 (z) = z and all possible compositions of the generators σ j = T j T 0 and the inverse maps σ
The region = ∪ σ ∈G σ (F G ) is invariant with respect to the group G:
This region is symmetric with respect to all circles l j ( j = 0, 1, . . . , n), and =C \ , wherē C = C ∪ {∞} is the extended ζ -plane and is the set of the limit points of the group G (it consists of two points if n = 1 and it is infinite if n 2). Notice that all elements of the group G can be represented in the form
and c σ = 0 if σ = σ 0 .
Riemann-Hilbert problem with a continuous coefficient
To reduce the Hilbert problem (3.3) to a Riemann-Hilbert problem, extend the definition of the function (ζ ) = dw/dζ from the domain D = C \ ∪ n j=0 int l j into the whole ζ -plane (except for the set of the limit points of the group) by
Then (ζ ) is a piecewise meromorphic G-automorphic function (27) whose lines of discontinuity are σ (l), σ ∈ G,
It also satisfies the symmetry condition
Let + (ξ ) and − (ξ ) be the boundary values of the function (ζ ) on the contour l from the left and the right, respectively (the positive direction of the circles l j , j = 0, 1, . . . , n, is chosen such that the domain D is on the left). Thus, to find the function dw/dζ , we need to solve the following Riemann-Hilbert problem in the class of piecewise meromorphic G-automorphic in \ L functions continuous up to the contour L:
where
At the points ζ = c 0 j and ζ = c 1 j ( j = 0, 1, . . . , n), the function (ζ ) has simple zeros. The functions G j (ζ ) are analytic everywhere inside the contours l j apart from the points ζ = ζ j , where it has a second-order pole. Because all the circles l j are clockwise directed, the indices of the coefficients G j (ξ ) are the same and equal to 2:
Factorization problem
To solve the Riemann-Hilbert problem (3.13), we need a symmetric function
, which satisfies the boundary condition 16) and has simple zeros at the points ζ = c 0 j and ζ = c 1 j ( j = 0, 1, . . . , n). Thus, the function χ (ζ ) must have all the properties of the function (ζ ) except for the automorphicity. The solution to any scalar factorization problem can be expressed through a singular integral with the density and the kernel chosen accordingly (the integral should satisfy the Sokhotski-Plemelj formulas). Let K (ζ, ξ ) be a quasiautomorphic analog of the Cauchy kernel with the following properties:
is an analytic function of ζ in some neighborhood of the line l, (ii) there exists a point in the fundamental region, ζ * ∈ F G , such that K (ζ * , ξ ) = 0 for all ξ ∈ l, and (iii) for any j = 1, 2, . . . , n,
If the group G is of the first class or, equivalently, the numerical series
is convergent, such a kernel is known (21, 28, 29):
In general, the kernel can be expressed through the Schottky-Klein prime function ω(ζ, ξ ) (23) associated with the group G:
It will be convenient to choose the infinite point as the point ζ * : ζ * = ∞. In order to factorize the function 21) and consider the following two functions:
with cuts joining the branch points ζ = ζ j and ζ = ∞ and passing through the points c k j (the preimages of the points C k j ). Inasmuch as these branches are discontinuous at the points c k j which lie on the circles l j and the cuts ( Fig. 3 )
the functions k (ζ ) have logarithmic singularities at these points
is a function bounded in a neighborhood of the point c k j . By property (i) of the kernel K (ζ, ξ ), the Sokhotski-Plemelj formulas are valid for the integrals in (3.22) and Introduce next a piecewise automorphic function in the domain \ L 26) which satisfies the boundary condition χ
, and the symmetry and automorphicity conditions (3.11) and (3.12) . Analyze now the following function:
we have the same logarithmic singularity for the functions k (T 0 (ζ )) as we had for the function
, and therefore, the function χ (ζ ) has a simple zero at c k0 :
It turns out that the function χ (ζ ) has simple zeros at the other points c k j ( j = 1, 2, . . . , n) as well. Indeed, by using the quasiautomorphicity property (3.17) of the kernel K (ζ, ξ ) and formula (3.25), we obtain that
Hence, the function χ (ζ ) has simple zeros at all the points c 0 j and c 1 j ( j = 0, 1, . . . , n) as it is required. Verify that the function χ (ζ ) satisfies the boundary condition (3.16). If ξ ∈ l 0 and ξ = c k0 , then from the Sokhotski-Plemelj formulas and from the fact that T 0 (ζ ) → ξ ∓ as ζ → ξ ± and
we conclude that the function (3.27) meets the condition (3.16) if ξ ∈ l 0 . Let now ξ ∈ l j and ξ = c k j (k = 0, 1; j = 1, 2, . . . , n). As a function of ζ , the kernel K (ζ, ξ ) is a quasiautomorphic function. Because of this, 32) and similarly to the case ξ ∈ l 0 , we get 33) and therefore, the function χ (ζ ) satisfies the boundary condition (3.16).
We observe that the function χ (ζ ) is a piecewise G-multiplicative function. Indeed, for the generating transformations σ j (ζ ),
Now, the inverse transformation σ −1 j is defined through the transformations T 0 and T j by σ
j T 0 (ζ ) and the relation (3.34) tell us that
This implies the multiplicativity property of the function χ (ζ ),
We will refer to such a multiplicative function which, in addition, is symmetric, χ (ζ ) = χ (T 0 (ζ )), satisfies the boundary condition (3.16) and has simple zeros at the points c k j as the multiplicative canonical function of the problem (3.13).
General form of the function dw/dζ
On using the canonical function χ (ζ ), we get from (3.13), (3.16) and (3.37)
The function dw/dζ = (ζ ), ζ ∈ D, does not have poles in the domain D. Clearly, the function (ζ )/χ (ζ ) is bounded everywhere in the region (including the infinite point). The points c k j (k = 0, 1; j = 0, 1, . . . , n) are removable singular points. Therefore, by the analog of the Liouville theorem for multiplicative functions (30) , the function (ζ )/χ (ζ ) is a constant and
Here N is an arbitrary real constant. Notice, in general, that the function (3.40) is a multiplicative function. For the function dw/dζ being automorphic, it is necessary and sufficient that H j = 1, j = 1, 2, . . . , n, or, equivalently,
These conditions constitute n (nonlinear) equations for the unknown parameters of the problem.
Function dw/dζ in the case of a single hydrofoil
The function z = f (ζ ) conformally maps the exterior D of the circle l 0 into the flow domainD. Let l 0 be the unit circle, centered at ζ 0 = 0. Choose the kernel K (ζ, ξ ) as
To evaluate this integral, apply the Cauchy theorem to the domain D cut along the line c k0 ∞ (k = 0, 1). Let ln ± k ξ be the boundary values of the corresponding branch of the logarithmic function from the left and the right, respectively (the domain D is on the left when a point traverses the contour (c k0 ∞) + ). Then
and we get
Next, we consider the interior of the unit circle l 0 cut along the line 0c k0 . By the Cauchy theorem,
In (3.45) and (3.46), we fix single branches of the logarithmic functions analytic in the domains |ζ | > 1 and |ζ | < 1 cut along the segment c k0 ∞ and 0c k0 , respectively. Formulas (3.45) and (3.46) are valid for any fixed point ζ * ∈ D. By letting ζ * tend to infinity, we obtain that
Now, in the case n = 0, the group G consists of the identical transformation only. Therefore, for the circle l 0 chosen, T 0 (ζ ) = 1/ζ , the canonical function becomes
and dw/dζ is a rational function
This function vanishes at the points ζ = c k0 (k = 0,1) and satisfies the condition Im(iζ dw/dζ ) = 0, ζ ∈ l 0 . Here N is an arbitrary real constant and √ c 00 c 10 is the value of a fixed branch of the square root.
Case n > 0: a product representation of the function dw/dζ
Assume now that G is a first class group. Then the series representation of the kernel K (ζ, ξ ) (3.19) converges uniformly and absolutely, and the formulas for the canonical function χ (ζ ) and the derivative dw/dζ can be specified further.
We start with the problem of determining a product representation of the canonical multiplicative function χ (ζ ). By changing the order of summation and integration in (3.22) ,
Analyze first the case when σ is the identity, σ 0 (ζ ) = ζ . It will be convenient to assume that ζ * is a finite point in D and then let ζ * tend to infinity,
Distinguish two cases, ζ ∈ D and ζ ∈ T 0 (D). In the former case, applying the Cauchy theorem to the domain D cut along the line c k j ∞ enables us to write
Here f ± (ξ ) are the boundary values of the function f k j (ξ ) on the cut (c k j , ∞). The jump of the function f k j (ξ ) through the cut is defined by
In view of formula (3.55), the second integral in (3.54) can be evaluated explicitly. Letting ζ * → ∞, we find that
Here and throughout the rest of this section, we deal with a branch of the logarithmic function fixed arbitrarily in a plane cut along the line ζ j c k j ∞. This means that we define the canonical function up to a factor which does not affect the final form of the function dw/dζ. Consider next the case ζ ∈ T 0 (D). If j = 1, 2, . . . , n, formula (3.56) does not change because ζ ∈ int l 0 and therefore ζ / ∈ int l j . To evaluate J k0 , we need to apply the Cauchy theorem to the interior of the circle l 0 cut along the segment ζ 0 c k0 . Summing up our derivations of the integral J k j when σ is the identity,
Let now σ = σ 0 and ζ ∈ D ∪ T 0 (D). Then any transformation σ can be represented as the superpo-
then the points σ (ζ ) and σ (∞) fall into the interior of the circle l m 1 . We need to distinguish two cases, m 1 = j and m 1 = j. When σ ∈ G j , by applying the residue theorem to the function
in the interior of the circle l j cut along the line ζ j c k j , we obtain that
If m 1 = j, then σ = G j , and both points, σ (ζ ) and σ (∞), are in the exterior of the circle l j . In this case, we apply the Cauchy theorem to the exterior of the circle l j cut along the line c k j ∞. It follows, from the preceding, that
Combining now formulas (3.59) and (3.60) and using the following identity
we deduce that
Since we aim to derive a product representation of the multiplicative canonical function χ (ζ ) defined in (3.27) , the next step is to transform the sum
As before, we start with the identical transformation σ 0 . Employing formula (3.6) for T j (ζ ) after simple manipulations, we obtain from (3.57) that
when j = 0. In the case j = 1, 2, . . . , n, the function I k j (σ 0 ; ζ ) may be transformed as follows:
To establish this result, we used the following two relations:
which can be verified directly. Consider now the case σ = σ 0 . On using the relations (3.59) and (3.62), it is a matter of simple algebra to show that
The case σ ∈ G \G j \σ 0 is treated similarly, and the corresponding formula for I k j (σ, ζ ) is obtained from (3.66) on replacing ∞ by ζ j .
After we have computed all the integrals, we are now ready to write down an expression for the canonical multiplicative function χ (ζ ),
(3.67)
Here k j ) , where τ ∈ G 0 if j = 0 and τ ∈ G j ∪ σ 0 otherwise ( j = 1, 2, . . . , n). In the case σ ∈ G j , the situation is different. By considering the two cases, j = 0 and j = 0, we notice that τ = T 0 σ T j ∈ G 0 if j = 0 and τ ∈ G j \ {T 0 T j } if j = 1, 2, . . . , n. The transformation T 0 T j is excluded for the general form of the transformation τ being T 0 T m 2μ • • • T m 1 T j , m 1 = j, and it never becoming T 0 T j . All these transformations would form the set G j if the transform T 0 T j has been added. Now, by regrouping the terms in formula (3.68) we obtain that
We emphasize that the constant A in the representation (3.69) of the canonical function χ (ζ ) cannot be dropped: it is needed to satisfy the symmetry condition χ (ζ ) = χ (T 0 (ζ )). The branch in (3.70) is chosen in accordance with the condition (2.1). Its choice affects the sign of the constant and does not break the symmetry of the canonical function. The general solution to the Hilbert problem for the function dw/dζ is defined up to an arbitrary real constant N by formula (3.40) subject to the solvability conditions (3.41). For the kernel (3.19), these conditions can be simplified by computing the integrals involved. In terms of the integrals (3.22) because of formula (3.17) the coefficients h (k) ν are simply (σ * = ∞) h
Knowing that T ν (ζ 0 ) ∈ int l ν , in the case σ = σ 0 , we have 
Hence, using (3.50), (3.71) and (3.72), we get a series representation for the coefficients
It is convenient to rewrite the solvability conditions (3.41) in the following product form:
Hilbert problem for the function ω(ζ )
The problem of finding the conformal mapping f (ζ ) from (2.4) requires the definition of not only the derivative dw/dζ but also the derivative dw/dz. For this purpose, we introduce a new function
On the boundary of the hydrofoils and the cavities, the function dw/dz satisfies the conditions (2.3). In terms of the function ω(ζ ), analytic in D, these relations may be formulated as the following Hilbert boundary-value problem:
(4.2)
Riemann-Hilbert problem with discontinuous coefficients for automorphic functions
As for the Hilbert problem in section 3.2, we develop an alternative formulation of the Hilbert problem (4.1) in terms of a Riemann-Hilbert problem. Taking advantage of the circular shape of the (n + 1)-connected parametric domain D, one can extend the definition of the function ω(ζ ) onto the whole complex plane (except for the set of the limit points of the group G) such that
Adopting the conventional notations for the boundary values of a piecewise analytic function, the boundary conditions (4.1) and the relations (4.3) permit us to reformulate the Hilbert problem as the following Riemann-Hilbert problem with piecewise constant coefficients:
The function ω(ζ ) is sought in the class of symmetric piecewise meromorphic G-automorphic in the domain \ L functions which are continuous up to the contour L and have
• a simple zero at the infinite point dw/dz → V ∞ as z → ∞, ω(ζ ) = ln dw V ∞ dz and the conformal mapping transforms the point z = ∞ ∈D into the point ζ = ∞ ∈ D and
• simple poles at the points ζ = c 1 j , j = 0, 1, . . . , n (due to the Tulin-Terent'ev model, the singularity (2.1) causes simple poles of the function ω(ζ ) at the preimages c 1 j of the centers C 1 j of the twin vortices (15)).
First, we solve the Riemann-Hilbert problem in terms of the quasiautomorphic analog of the Cauchy kernel K (ζ, ξ ) used in section 3.3 for the symmetry Schottky group G in the general case (not only for first class groups). As in the case of the Riemann-Hilbert problem (3.13), we factorize the coefficient of the problem. We seek a function χ ω (ζ ) that possesses the following properties: (i) it is a piecewise analytic function in the region with the discontinuity line L, Hölder continuous and nonzero in the domain ∪ L except for the points σ (c 1 j ), σ ∈ G, where it has simple poles, and the points σ (b j ) and σ (d j ), where it vanishes; (ii) its boundary values χ ± ω (t) satisfy the boundary condition
whereG
σ . In place of the function (3.27), introduce the function
where 
where p j = b j , d j and j = 0, 1, . . . , n. Owing to the presence of the term (T 0 (ζ )) and the quasiautomorphic properties of the kernel K (ζ, ξ ), we obtain that the function χ ω (ζ ) vanishes at the points b j and d j and it is infinite at the points c 1 j ,
Here K p j and K c 1 j are nonzero constants and p j = b j and d j . Clearly, the function χ ω (ζ ) is symmetric and it satisfies the boundary condition (4.5). Taking note of the property (3.17) of the kernel K (ζ, ξ ), we conclude that χ ω (ζ ) is a multiplicative canonical function of the problem (4.4), and
We next study the function (ζ ) = ω(ζ )/χ ω (ζ ). As a consequence of the properties of the functions ω(ζ ) and χ ω (ζ ), the function (ζ ) is symmetric, (ζ ) = (T 0 (ζ )), ζ ∈ T 0 (D), piece-wise G-multiplicative with the factors E ν , (σ ν (ζ )) = E ν (ζ ), ν = 1, 2, . . . , n, and satisfies the inhomogeneous boundary condition
The function (ζ ) should be bounded at the points c 1 j and have square root singularities at the points b j and d j and a simple zero at infinity. To determine such a function, we shall employ a G-quasimultiplicative analog M(ζ, ξ ) of the Cauchy kernel with the following properties:
is an analytic function of ζ in some neighborhood of the line l, (ii) there exists a point in the fundamental region, ζ * ∈ , such that M(ζ * , ξ ) = 0 for all ξ ∈ l and (iii) for any ν = 1, 2, . . . , n,
The existence of the G-quasimultiplicative kernel M(ζ, ξ ) was recently proved by Antipov and Silvestrov (24) . For the particular case of the group G, a first class group, such a kernel was constructed by Silvestrov (22) in terms of series similar to the Poincaré theta series. In this section, we derive the solution in terms of the kernel M(ζ, ξ ) and do not specify its actual form in case other forms of the quasimultiplicative kernel might arise in future.
The function (ζ ) we want may be represented in the form 15) where N 0 is an arbitrary real constant and
This function is symmetric, meets the boundary condition (4.13) and also, because of
and E −1 ν =Ē ν , is a quasimultiplicative function, 18) where q ν = 0 (σ ν (ζ * )). Since the function (ζ ) must be multiplicative, we have the following n conditions of solvability: 19) or, equivalently,
In addition, the function (ζ ) must vanish at infinity. The requirement (∞) = 0 gives two extra real conditions. By choosing ζ * = ∞, since T 0 (∞) = ζ 0 , we obtain an expression for the real constant N 0 = − Re 0 (ζ 0 ) and also an extra condition Im 0 (ζ 0 ) = 0. Now, by summing up, the solution to the Hilbert problem (4.1) has the form 21) subject to the n + 1 solvability conditions
Clearly, the function (4.21) vanishes at the point ζ = ∞ and has a simple pole at the points c 1 j and a logarithmic singularity at the stagnation points c 0 j , ω(ζ ) ∼ log(z − c 0 j ), ζ → c 0 j . At the ending points b j and d j , it is bounded.
Function ω(ζ ) in the case n = 0
In the simplest case, whenD and therefore D are simply connected domains, and D is the exterior of the unit circle l 0 centered at the origin, both the kernels, K (ζ, ξ ) and M(ζ, ξ ), coincide with the Cauchy kernel:
The canonical function can be found explicitly, Thus, for a single foil, the function ω(ζ ) = ln(V −1 ∞ dw/dζ ) has the form
Product representation of the canonical function χ ω (ζ )
As in section 3.6, we assume that G is a first class group, and therefore the series (3.19) converges uniformly and absolutely. To derive a product representation of the multiplicative canonical function χ ω (ζ ), we use the series form (3.19) of the kernel K (ζ, ξ ) with ζ * = ∞
and compute the integrals in (4.8)
(4.27) The branch of the logarithmic function in (4.27) is fixed arbitrarily. Now referring to (3.6), we get
This relation is useful to transform (T 0 (ζ )) into
Substitute next (4.27) and (4.29) into (4.7). This results in a product that can be simplified. Notice
If the transformation σ runs over the group G, then the transformation τ also runs over the same group and none of the transformations are repeated twice. Finally, we derive the following product formula for the canonical function χ ω (ζ ):
Clearly, due to the square root, the function χ ω (ζ ) is multivalued. It has an infinite number of branch points that are not convenient for numerics. It is possible, however, to simplify the formula for the canonical function. From (3.9), using a little algebra we can show that
where ρ is a factor
Here we used the property of the transformation σ : σ −1 (∞) = −d σ /c σ . On replacing σ by σ −1 in formula (4.31), one can easily deduce that
The final expression for the canonical function can be written in the form 0, 1, . . . , n) . A branch of the multivalued function in formula (4.36) for the complex constant A ω can be chosen arbitrarily. As the constant A in (3.69), the constant A ω cannot be removed: it is needed to satisfy the symmetry condition χ ω (ζ ) = χ ω (T 0 (ζ )), ζ ∈ \ l.
Quasimultiplicative analog of the Cauchy kernel
We have found the derivative dw/dz = V ∞ e ω(ζ ) in terms of the function (4.21) subject to the n + 1 solvability conditions (4.22) . To use those formulas for practical purposes, one needs an explicit formula for the kernel M(ζ, ξ ). Note that M(ζ, ξ ) is a quasimultiplicative function with a character E (30) on the group G. The character E is a homomorphism from G into the multiplicative group of complex numbers
For the generating transformations
From (4.12), the coefficients e ν are developed in the form
For both the factors E ν and the solvability conditions (4.22), we need the imaginary part of e ν only,
To find E(σ ) for any σ ∈ G, take
. This yields immediately
Associated with the factors E(σ ), a quasimultiplicative analog of the Cauchy kernel has the form (22)
This kernel vanishes at ζ = ∞ and possesses the other two properties of the kernel M(ζ, ξ ). Indeed, because G σ 0 ,
The property (4.14) follows from the multiplicativity of E, E(σ τ ) = E(σ )E(τ ), and from the relation
We thus explicitly defined the function dw/dz = V ∞ e ω(ζ ) through formulas (4.21), (4.16), (4.35) and (4.36). The kernel M(ζ, ξ ) of the singular integrals takes the form (4.41) with the factors E σ given by (4.40). The parameters involved must satisfy the n + 1 conditions (4.22) with Im e ν defined in (4.38).
Conformal mapping
Having determined the derivative d f /dζ of the conformal mapping z = f (ζ ) by (2.4) through the solution to the Hilbert problems, we shall examine the number of arbitrary constants and conditions for them. Assume that n 1. By scaling and rotation, it is always possible to achieve that one of the circles, say, l 0 , is of unit radius and centered at the origin and, in addition, the center of another circle, say, l 1 , falls on the real axis, ζ 1 = ζ 1 . The radius r 1 , the centers ζ j = ζ j + iζ j and the radii r j of the rest n − 1 circles cannot be chosen arbitrarily. Thus, this gives 3n − 1 unknown parameters, ζ 1 , r 1 , ζ j , ζ j and r j ( j = 2, 3, . . . , n). Further, on each circle l j ( j = 0, 1, . . . , n), we have four unknown parameters, the preimages, c 0 j and c 1 j , of the stagnation point C 0 j and the rear point 
hold. This gives 2n + 2 new additional real equations. The system of equations for the unknown parameters becomes complete if we add the following n + 1 geometric real conditions:
which specify the lengths of the hydrofoils, and also n complex conditions 
In the case τ ∈ d j c 1 j ⊂ l j , similarly,
we find the lower part of the cavity's boundary.
Single hydrofoil
As an illustration, we consider a single cavitating hydrofoil (n = 0) and assume the following notations:
We can choose c 0 = −1 and arg c 0 = π . Then, 
Closed-form solution
By summing up the results of sections 3 and 4, we find the explicit form of the derivative of the conformal mapping from the unit circle l 0 = {ζ : |ζ | = 1} into the contour
and the function ω(ζ ) is given by
The branch of the function W (ζ ) is fixed by the condition W (ζ ) ∼ ζ, ζ → ∞, and it can be represented in the form W (ζ ) = W 1 (ζ )W 2 (ζ ), where
To fix a branch of the function W 2 (ζ ), we cut the ζ -plane along the semi-infinite line θ 2 = θ d , |ζ | > 1 (Fig. 4) . The function W 1 (ζ ) is single valued in the plane cut along the arc |ζ | = 1,
To fix the arguments θ 1 and θ 2 , introduce the principal value of the argument of ζ , Arg ζ , −π < Arg ζ π . Then, in the domain
In the domain D \ D 0 ,
As for the argument θ 2 , it is given by
(6.8) 
(6.11)
Numerical scheme
To recover the numerical values of the points b, c 1 and d, one needs to evaluate the singular integral in (6.4) and the regular integrals in (6.9), (6.10) and (6.11) and also solve numerically the nonlinear system (6.9), (6.10). Because of the condition (6.9), the function ω(ζ ) reduces to ω(ζ ) = 2χ ω (ζ ) 0 (ζ ), where
To evaluate the integral in (6.11) and to reconstruct the profile of the cavity, it is required to find the boundary values + 0 (η) of the function (6.12),
Here ξ = e iτ and η = e it . The integrals (6.14) are understood in the Cauchy sense and can approximately be evaluated by the formula (16)
Because of the square root singularities at the ends, the other integrals in (6.13) may be computed by the Gauss quadrature formula
To eliminate the constrains (6.1), we introduce new variables (16, 31)
The nonlinear system for the new unknown parameters τ j is solved by Newton's method
Here τ τ τ m is the mth approximation of the exact solution τ τ τ = (τ 1 , τ 2 , τ 3 ) of the nonlinear system written in the form h(τ τ τ ) = 0, and H −1 is the inverse of the Jacobian matrix H = (∂h i /∂τ j ) i, j=1,2,3 , which can be computed approximately, Figure 6 shows the effect on the stagnation point C 0 of varying the angle of attack. The point C 0 splits the segment B D into two parts C 0 B and C 0 D of lengths λ + and λ − , respectively. It is seen that for small angles α, the point, where the streamline branches, is close to the ending point D. As it was expected, λ − /λ + = 1 for α = π/2. It turns out that the position of the stagnation point is not affected very much by the value of the cavitation number κ. The fact that the stagnation point is extremely close to the leading edge for small angles of attack and practically independent of the cavitation number is in an agreement with the asymptotic solution (32)
obtained in the framework of the Roshko (33) model. In Fig. 7 , the cavity shape is presented for two values of the angle of attack, π/4 and π/8, when the cavitation number κ = 0•5. The stagnation point C 0 is very close to the lower ending point D, and the cavity is much larger for α = π/4 than for α = π/8. To determine the cavity's boundary, we integrated the function d f /dξ over the arcs bτ (τ ∈ bc 1 ) and dτ (τ ∈ dc 1 ) which gives
(6.24) Notice that when α = π 2 the results coincide with those obtained by Gurevich (6) and Terent'ev (12) by the hodograph method and Antipov and Silvestrov (16) by the method of the Riemann-Hilbert problem on a genus-0 Riemann surface. To recover a streamline ψ(x, y) = ψ * (ξ, η) = C, we integrate first (3.49) over a curve c 0 ζ (it must not intersect the unit circle l 0 ),
This expression can be simplified to the form
Since ψ * (−1, 0) = 0 the streamline that branches at the point C 0 and that defines the cavity's boundary corresponds to the value C = 0. To recover the other two parts PC 0 and C 1 Q of this streamline, we use the Newton scheme to define η as a function of ξ from the equation ψ * (ξ, η) = 0, 
where l * is a closed clockwise-oriented contour such that l * ⊃ l 0 . Evaluating this integral, we find that Table 1 .
Conclusions
In order to reconstruct the conformal map from an (n + 1)-connected circular domain onto an n + 1 free boundary flow domain, we have developed the method of the Riemann-Hilbert problem for a multiply connected circular domain. This method has been applied to analyze steady-state supercavitating flow around n + 1 hydrofoils. To model the problem, we have used the nonlinear TulinTerent'ev single-spiral-vortex model. The derivative of the conformal mapping has been expressed through the solutions to two Riemann-Hilbert problems of the theory of symmetric automorphic functions. The first problem is a homogeneous one, and its coefficients are continuous functions. The coefficients of the second, inhomogeneous, problem are discontinuous (piecewise constant) functions. We have derived the solutions by integrals with quasiautomorphic and quasimultiplicative analogs of the Cauchy kernel. For the first class Schottky groups, the solutions are simplified and presented in series and product forms.
By comparison with the method of the Riemann-Hilbert problem on Riemann surfaces (15) , this method is applicable for flow domains of any finite connectivity, not only for simply, doubly and triply connected domains. Also, it does not require the solution to the Jacobi inversion problem associated with the Riemann-Hilbert problem on a Riemann surface provided a quasiautomorphic, not the automorphic, analog of the Cauchy kernel is used. Finally, the method of automorphic functions is more efficient from the numerical point of view. The Newton-type scheme for the solution of the system of transcendental equations for the unknown parameters of the conformal mapping is more easy to implement if the preimage domain is circular, not the exterior of slits. This is because the iterative procedure becomes unstable when at least one of the unknown parameters approaches a branch point of the Riemann surface. In the case of circular domains, there are no branch points and the Newton scheme is stable. Both the methods give a closed-form solution for the simply connected case. The advantage of the method of Riemann surfaces is that a closed-form solution can be derived even for the doubly and triply connected cases. The use of the method of automorphic functions makes it possible to derive the solution in a series form.
As the first step, we have numerically implemented the method for a single hydrofoil. The numerical results are in a good agreement with the known results (6, 16). A numerical procedure and full analysis of the results for the case n + 1 2 based on the method of automorphic functions will be presented in a future publication.
